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Abstract 

We study the stationary scattering theory for the matrix Schrodinger equation on the half line, with the most 
general boundary condition at the origin, and with integrable selfadjoint matrix potentials. We prove the limiting 
absorption principle, we construct the generalized Fourier maps, and we prove that they are partially isometric with 
initial space the subspace of absolute continuity of the matrix Schrodinger operator and final space i^((0,oo)). We 
prove the existence and the completeness of the wave operators and we establish that they are given by the stationary 
formulae. We also construct the spectral shift function and we give its high-energy asymptotics. Furthermore, assuming 
that the potential also has a finite first moment, we prove a Levinson’s theorem for the spectral shift function. 


1 Introduction 


Let us consider the matrix Schrodinger operator on the half line 


Ha.b 4’ ■= —4’" + y{x)'tjj, x£{0,oo). 


( 1 . 1 ) 


The prime denotes the derivative with respect to the spatial coordinate x. The wavefunction ipix) will be either an 
n X n matrix-valued function or it will be a column vector with n components. It is known that the most general 
selfadjoint boundary condition at x = 0 for the operator (1.1) can be formulated in several equivalent way, see [l]-[8]. 
However, It was proved in [6]-[8] that, without losing generality, it is useful to state them in terms of constant n x n 
matrices A and B as follows. 


- HV(0) + = 0, (1.2) 
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-B^A + A'fB = 0 , 
A^A + B^B > 0 . 


(1.3) 


(1.4) 

Note that A'^B is selfadjoint and the selfadjoint matrix {A’'A + B^B) is positive. 

The matrices A, B are not uniquely defined. We can multiply them on the right by an invertible matrix T without 
affecting (1.2), (1.3) and (1.4), and furthermore, 

Hat,bt = Ha,b- (1-5) 

The potential V{x) is a n x n selfadjoint matrix-valued function that is integrable in (0, oo), that is to say, each 
entry of the matrix V is Lebesgue measurable on (0, oo) and 

dx ||f4(a;)|| < -boo. (1.6) 

Here, ||H(a;)|| designates the norm of V{x) as an operator on C". Of course, a matrix-valued function is integrable in 
(0, oo) if and only if each entry of that matrix is integrable on (0, oo). 

We suppose that V is selfadjoint. 



V{x) = H(x)^ a; £ R+. (1.7) 

By the dagger we designate the matrix adjoint . 

There is currently a considerable interest on this problem. Matrix Schrodinger operators on the half line are 
important in quantum mechanical scattering of particles with internal structure, in quantum graphs and in quantum 
wires. See, for example, [1]- [5] and [9]- [21], and the references quoted there.The matrix Schrodinger operator on the 
half line (1.1) corresponds to a star graph. It describes the behavior of n connected very thin quantum wires that 
form a star-graph, i.e. a graph with only one vertex and a finite number of edges of infinite length. The boundary 
conditions (1.2), (1.3) and (1.4) impose restrictions on the value of the wave function and of its derivatives at the 
vertex. The problem has physical relevance to designing elementary gates in quantum computing and nanotubes for 
microscopic electronic devices, where, for example, strings of atoms may form a star-shaped graph. The consideration 
of general boundary conditions at the vertex, rather than, say, just Dirichlet boundary condition is relevant. For 
quantum graphs are important boundary conditions at the vertices that link the values, at the different edges, of the 
wave function and of the first derivatives. An important example is the Kirchoff boundary condition that amounts to 
the continuity of the wave function and the conservation of the current at the vertex. Actually, a quantum graph is 
an idealization of wires with a small cross section that meet at vertices. The quantum graph is obtained in the limit 
when the cross section goes to zero. The boundary condition on the graph’s vertices depends in how the limit is taken. 
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From this point of view, it is of interest to study all the selfadjoint boundary conditions (1.2), ](1.3), (1.4) as they can 
appears in various limit procedures. 

in [6] the matrix Schrodinger equation in the half line was considered with a self-adjoint matrix potential and with 
the most general self-adjoint boundary condition at the origin. For matrix potentials that are integrable and have a 
finite first moment, it was proven that the scattering matrix is continuous at zero energy, and an explicit formula for 
its value at zero energy was given. Also, the small-energy asymptotics was established for the dost matrix, its inverse, 
and other quantities that are important in direct and inverse scattering problems. The paper [6] is complementary 
to the classical monograph by Agranovich and Marchenko [22] that only considers the Dirichlet boundary condition, 
but where the behavior at zero energy is studied. The article [6] is also complementary to the results by Harmer, 
[3, 4, 5] where matrix Schrodinger operators on the half line with general boundary conditions are investigated, but 
the small-energy analysis is not considered. 

The paper [7] considers the high-energy asymptotics for the dost matrix, for its inverse and for the scattering 
matrix. Also Levinson’s theorem was proven. This theorem relates the number of bound states to the change in 
the argument of the determinant of the scattering matrix. The article [7] complements Agranovich and Marchenko’s 
results [22] who gave the large energy asymptotics and Levinson’s theorem, but only under the Dirichlet boundary 
condition. The contribution [7] also complements the study [3, 4, 5] by Harmer (see also [23]), where the general 
selfadjoint boundary condition is considered but the large-energy asymptotics of the scattering matrix is obtained by 
only providing the leading term, with the remaining terms given as o(l) for large energy. In [23], the leading term 
is given, but we also obtain the next-order term, that behaves as 1/fc with k the square root of the energy and the 
large-energy asymptotics up to 0(l/fc^) is obtained, which is crucial in establishing the Fourier transform of several 
quantities that are important in the inverse scattering problem. In [8] the results of [6] are improved in the case where 
the potential is integrable and has a finite second moment. It is proven that the scattering matrix is differentiable at 
zero energy, and an explicit formula is given for its derivative at zero energy. Also, [8] improves, in the case where the 
second moment of the potential is finite, the small -energy asymptotics given in [6] for the dost matrix, its inverse, 
and other quantities important in the direct and inverse scattering problems. 

In this paper we complement the results of [6]-[8] by studying the stationary scattering theory of the matrix 
Schrodinger operator Ha,b in equation (l.I), with the most general boundary condition (I.2)-(I.4) and with matrix 
potentials that satisfy (1.6) and (1.7). 

The paper is organized as follows. In Section 2 we introduce notations and definitions that we use throughout 
the paper. In Section 3 we state results from [6]-[8], that we need, in the dost solution, the regular solution, the dost 
and scattering matrices and in transformations of the matrices A, B that give the boundary conditions. In Section 4 
we construct a selfadjoint realization of the matrix Schrodinger operator (1.1), that we also denote by Ha.b, using 
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quadratic forms. In Section 5 we study the resolvent of Ha.b and we prove the limiting absorption principle. It is 
customary in scattering theory to formulate the limiting absorption principle in terms of weighted spaces or of a 
Besov space and its dual. See for example [24]-[27]. On the contrary, since we work under the condition that the 
potential matrix V is only integrable, we have found it more convenient to formulate the limiting absorption principle 
between and L°°. In Section 6 we construct the generalized Fourier maps. In Section 7 we study the wave 
operators. Section 8 is dedicated to the scattering operator and the scattering matrix. Finally, in Section 9 the 
spectral shift function is constructed and a Levinson’s theorem for the spectral shift function is proven. 

2 Notations and definitions 

We designate by C+ the upper-half complex plane, by R the real axis, and we let C+ := C*" U R. For any k £ C+ 
we denote by k* its complex conjugate. For any matrix D we designate by D'^ its adjoint. We denote by C a positive 
constant that might not take the same value when it appears in different places. 

We denote by I < p < oo, the standard space L^((0,oo)) of measurable functions with values in C", in 
particular, we will use instead of L^((0,oo)), for simplicity. 

By Hi, I = 1,2, we denote the Sobolev space of order I of all square integrable, complex valued functions with all 
distributional derivatives up to order I given by square integrable functions [28]. We designate by Hi q the completion 
of C'[j”((0, c»)) in the norm of Hi, where oo)) is the space of all infinitely differentiable, complex valued functions 

with compact support. We use the notation. 

HiHi, 1 = 1,2, (2.1) 

for the first and second Sobolev spaces of functions with values in C”. 

Let Wi^oo, I = l,2he the Sobolev space of all measurable functions on (0, oo) with values in C" that together with 
all its derivatives of order up to I are essentially bounded [28]. 

For any pair of Banach spaces X, Y we designate by B{X, Y) the Banach space of all bounded linear operators 
from X into Y. In the case where X = Y we use B{X) instead of B{X, X). 

For any Hilbert-Schmidt operator G we denote by ||G ||2 its Hilbert-Schmidt norm and for any trace class operator 
G we denote by ||G|| its trace norm and by Tr(G) its trace. For any densely defined operator £> in a Banach space we 
denote by p(-D) its resolvent set, i.e., the open set of all z G C such that D — z\s invertible and {D — z)~^ is bounded. 

For any selfadjoint operator H we denote by Rac(H) its subspace of absolute continuity and by Pac(H) the projector 
onto 'Hac(H). 

For any pair, Ho,Hi of selfadjoint operators in the same Hilbert space we denote the wave operators by. 
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lV±(Hi,Ho) :=s- lim Pac(Ho), 

t —¥±00 

provided that the strong limits exist. The wave operators are complete if Range (Hi, Hg)] = 'Hac(Hi). The 
scattering operator is defined as, 


5 (Hi, Ho) := (fT+(Hi,Ho))* lT_(Hi,Ho). 

3 Preliminary results 

In this section we introduce certain results that we need. See [6, 7, 8, 22]. We always assume that V satisfies (1.6), 
(1.7). We first consider some n x n matrix solutions to the equation 

- V'" + R(x) V’= V', xS (0,oo),fcG^. (3.1) 

For any pair F,G oi n x n matrix valued functions defined on (0, oo), we denote by, 

[F-, G] := FG' - F'G 

the Wronskian. It follows from a direct calculation that for any two n x n solutions (j>{k,x) and tfj{k,x) to (3.1), each 
of the Wronskians [(j){k*,xy;ilj{k,x)] and [</>(—fc*, a;)'^;'0(fc, a^)] is independent of x. 

The dost solution to (3.1) is the n x n matrix solution satisfying, for k G C+ \ {0}, the asymptotics 

f{k,x) = F'"^[In + o{l/x)], f{k,x)=ikF'‘^[In + o{l/x)], x ^+oo, (3.2) 

where /„ denotes the n x n identity matrix. It is well is known [6, 22], that for each fixed x, f{k,x) and f'{k,x) 
are analytic for k G C+ and continuous for k G C+. It follows from (3.2) that for each fixed k G C'*', each of the n 
columns of f{k,x) decays exponentially to zero as x —?► +oo. We have that, 

[/(±fc,x)i;/(±fc,x)] = ±2zfc/„, fc G R, (3.3) 

[f{-k*,xy-f{k,x)] = 0, fcG^. (3.4) 

The matrix Schrodinger equation (3.1) also has the nxn matrix solution g{k, x) that satisfies , for each k G C+\{0}, 
the following asymptotics (see page 38 of [22]) 


g{k,x) = e + o{l/x)], g'{k, x) =—ik e *^“ (/+ o(l/x)), x —>■ oo. 


(3.5) 
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It is proven in [22] that g{k, x) and g'{k, x) are analytic in k G C+ and continuous in k G C+ \ {0} for each fixed x. 
Equation (3.5) implies that each of the n columns of g{k,x) grows exponentially as a: —>■ +oo for each fixed k G C+. 

It follows from (3.2) and (3.5) that, 

[f{-k*,xy;g{k,x)] =-2ik, [g{-k*,xy-J{k,x)] = 2ik, [g{-k*^x^■ g{k,x)] =0. (3.6) 

On page 28 of [22] it is also proven that for each k G C+ \ {0}, the combined 2n columns of f{k, x) and of g{k, x) form 
a fundamental set of solutions to (3.1). Hence, any column-vector solution uj{k,x) to (3.1) can be written as a linear 
combination of them. 


uj{k,x) = f{k,x)^ +g{k,x)T], (3.7) 

for some constant column vectors ^ and 77 in C”. 

The regular solution ipA,Bik,x) is the nx n matrix solution to (3.1) that satisfies the initial conditions 

^A,Bik,0) = A, = B, (3.8) 

where A and B are the matrices appearing in (1.2), (1.3), (1.4). It is known that [ 6 ], for each fixed x G ip(k,x) is 
entire in k in the complex plane C. As appears in (3.1) and the initial values given in (3.8) are independent of fc, 

(p{—k,x) = ip{k,x), k G C, xG{0,oo). (3-9) 

The dost matrix J(k) is defined as follows, 

JA.B{k) := [f{-k*,x)^-,ipA,B{k,x)], k G C+. (3.10) 

Evaluating the Wronskian at a; = 0 and using (3.8) we obtain that, 

JA.B{k) = f{-k*,Q)^B-f'{-k*,Q)^A, (3.11) 

Note that J{k) is well defined for C+ because /(—fc*,0)^ and /'(—fc*,0)^ are analytic in k G C+ and continuous in 
k G C+. Eurthermore [ 6 ], J(k) is invertible for fc £ R \ 0 and J(k)~^ is continuous for fc £ R \ 0 . 

The regular solution can be expressed in terms of the dost solution and the dost matrix as follows (see equation 
(3.5) of[7]), 

(pA,B(k,x) = -^ f(k,x) JA,B(-k) -f(-k,x) JA,B(k), fc£R\{0}. (3.12) 

Let us define the physical solution '4’A,Bik,x) as follows, 

'ipA.Bik,x) := -ikipA,Bik,x) J^^g{k). (3.13) 
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Note that there is a difference by a factor of 2 with the physical solutions defined in equation (3.7) of [7]. The scattering 
matrix is defined as, 

SA,B{k) ■= —JA,B{ — k) JA,B{k)~^ , fc£R\0. (3-14) 

Then, the scattering matrix SA,B{k) is unitary for fc € R \ 0 and it satisfies, 

S{-k) = S{k)-^ = S{k)\ fc e R \ 0. (3.15) 

The physical solution can be written in terms of the dost solution and the scattering matrix as follows (see equation 
(3.10) of [7]), 

^|;A,Bik,x) := ^f{-k,x)+ ^f{k,x) SA,Bik), /ceR\0. (3.16) 

Note that as the physical solution (3.13) differs by a factor of 2 with the physical solutions defined in equation (3.7) 
of [7], equation (3.16) differs by a factor of 1/2 with equation (3.10) of [7]. Equations (3.12) and (3.16) hold under 
the assumption that V is integrable. The condition that V also has a finite first moment is only needed in [7] in order 
that (3.16) also holds for k = 0. 

Let A,B be the matrices that appear in the definition of the boundary conditions in equations (1.2), (1.3) and 
(1.4). In Proposition 4.1 of [7] it is proven that if A, B are multiplied on the right by an invertible matrix T, and if V 
is unchanged, the regular solution, the dost matrix and the scattering matrix change as follows. 


<fAT,BT{k,x) = (pA,B{k,x) T, 

fc e C, 

(3.17) 

JAT.BT{k) = JA,B{k,x)T, 

fc G^, 

(3.18) 

SAT,BT{k) = SA.Bik), 

fc G R\0. 

(3.19) 


Furthermore, it is also proven in Proposition 4.1 of [7] (with M, Aff there , replaced, respectively, by M\M ) that 
under the unitary transformation V i—^ MVM\ with a unitary matrix M, and the combination of three consecutive 
transformation {A,B) i—>■ {MATiM'^T 2 , MBTiM^T 2 ), first by a right multiplication by an invertible matrix Ti, then 
by the unitary transformation with M, followed by a right multiplication by an invertible matrix T 2 , we have that 


f MVM'^{k,x) = Mf(k^x)M\ fc G C+, (3.20) 

‘PMVM"i,MATiM"iT2,MBTiM^T2ik,x) = Mipv,A,Bik,x)TiM^T2, fc € C, (3-21) 

JMVMt,MATiMtT2,MBTiMfT2ik,x) = MJv,A,B{k,x)TiM'^T2, fc £ C+, (3.22) 

'S’MVMt.MATiMtTa^MBTiMtTa = M Sv,A,B , k £ R \ 0. (3.23) 


In (3.20)- (3.23) we made explicit, for clarity, the dependence in V of the dost solution, the regular solution, the 
dost matrix and the scattering matrix. 
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Furthermore, we have that, 


^MVMt.MATiMtTa.MBTiMtTa — ^ Hv,A,B (3.24) 

where we also made explicit the dependence in V of the matrix Schrodinger operator (1.1). 

The transformation V i-A V and (A, B) i-A (AT, BT) with an invertible matrix T is just a change of parametrization 
in the boundary conditions (1.2), (1.3) and (1.4). On the contrary, the unitary transformation V i-A MVM"^ and 
(A, B) i—7> [MAM^, MBPP) with a unitary matrix M is a change of representation in quantum mechanical sense. 

It is useful to consider the case where the matrices A, B are diagonal. This is motivated by the general selfadjoint 
boundary condition [29, 30, 31] in the scalar case, i.e. when n = 1. We denote this special pair of diagonal matrices 
by A and B, where 


A := —diag{sin0i,..., sin0„}, S := diag{cos0i,..., cos0„}. (3.25) 

In this case the boundary conditions (1.2) are, 

cos0j ?/;j(0) + sin0j (0) = 0, j = l,2,---,n. (3.26) 

The real parameters 9j take values in the interval (0,7r]. The the case 9j = 7r/2 corresponds to the Neumann 
boundary condition, case 9j = n corresponds to the Dirichlet boundary condition, and the case where 9j ^ 7r/2,7r 
corresponds to mixed boundary conditions. We suppose that there are tin values with 9j = 'k 12 and ud values with 
9j = TT, and hence there are um remaining values, with um '■= n — riN ~ nu, such that the corresponding 0j-values 
lie in the interval (0,7r/2) or (7r/2,7r). We allow for the special cases where any of tt-n, ud, and um may be zero or n. 
The subscripts N, D, and M refer, respectively, to Neumann, Dirichlet or mixed boundary conditions. We order the 
0j-values in (3.25) so that the first um values of 9j correspond to the mixed boundary conditions, the next no values 
correspond to the Dirichlet boundary conditions, and the remaining tin values correspond to the Neumann boundary 
conditions. 

Note that A,B satisfy (1.2), (1.3), (1.4) with A,B instead of A, B there. 

In Proposition 4.3 of [7] it is proven that for any pair of matrices {A,B) that satisfy (1.2)-(1.4) there is a pair of 
diagonal matrices {A,B) as in (3.25), a unitary matrix M and a two invertible matrices Ti,T 2 such that, 

A = M AT2M^Ti, B = M BT2M'<Ti. (3.27) 

Note that Ti,T 2 in (3.27) correspond, respectively to Tj“^,T 2 “^ in Proposition 4.3 of [7]. 


For F = 0, we have that (see Section V of [7]), 


Jo.A,B{k) = B — ikA, So,A,B{k) =—(B + ikA){B — ikA) 


(3.28) 


Furthermore, in the parametrization of the boundary conditions with A and B these matrices are diagonal, 

B - ikA = diag{cos6»i + tfcsin6»i,..., cosd„^, + iksinOn^, 

{ COS01 + i/csindi ’ ’ CGsd^^^ + ifcsin0„^ ’ ik ^ ’ 

q . N _ 1- f -cos6>i +ifcsin6ii - cos + ik sin j t 

o,A,B cos6*1 + ifcsin6*1 cos6*„,. + t/csind„., ’ >^0: nN 


Moreover, 


where. 


Vo,A,B ~ 7’o,d,B,2; ■ ■ ■ ’ 


— — sinfcx, if 6 *j = tt, 

'k^o,A,B,j = -coskx, iiOj = 7r/2, 

— cos9j sinfca; — sinOj coskx, ii9j 76 tt, 7 r/ 2 . 

In Theorem 7.6 of [7] it proven that (note the slight change of notation with respect to Theorem 7.6 of [7]) 

G(fc) 


(3.29) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 


SA.B^k) = SA.Bioo) + + 0{l/k‘^), k ^ ± 00 , 


where 


Sa.b{oo) := MZoMt, 

G{k) := -2MZiM'^ + QiSa,b{oo) + Sa.b{oo) Qi + SA,B{oo)Q2{k)SA,B{oo) + Q2{-k), 
with M the unitary matrix that appears in (3.27), 

•^0 •= diag{/n^ , —/no ; }. 

Zi ■= diag{cot 6 *i,...,cot 0 „n}- 


(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 


For the definition of 0i, • • • ; ^d, bn see (3.25), the text below this equation and (3.27). Furthermore, Qi and Q 2 {k) 

are the following matrices, 


Qi 


1 noo 1 |•00 

:=-| dyF(y), Q,{k) := - dy V {y). 
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4 The Hamiltonian 


4.1 The case of zero potential 


,2 

We consider first the case where the potential V is zero.We denote by Hq a,b the self- adjoint realization of with 
the boundary condition (1.2), namely 


Ho,a.b4’ 



V' G D{Ho,a,b), 


(4.1) 


where 


DiHo,A,B) ■■= G H 2 : ^(0) + 4+ V^'(O) = O} . 


(4.2) 


Note that Hq^at,bt = Hq a.b for all invertible matrices T. Recall that in the particular case of the diagonal 
matrices A,B (3.25) the boundary conditions (1.2) are given by (3.26). These equations can be written as, 


^'(0) = — cot Oj ^j(O), if 9j ^ TT, and ^j(O) = 0, if 0j = tt. 


(4.3) 


Let us construct the quadratic form associated to Hq ^ We denote, 

Hi_j := Hifi, iiOj = tt, and Hij := iJi, ii6j ^ tt. 


(4.4) 


We designate. 


We define the quadratic form with domain ^ ^, 


(4.5) 


:=((/?',?/>')-^cot6lj (/3j(0)iAj(0), (4.6) 

i=i 

where coiOj = 0 if 0^ = 7r/2, or Oj = tt, and cotOj = cot 9j if 9j ^ tt j 2, tt. 

Since, for any e > 0 there is a constant Kg, such that, 


IV'(o)| < eII^/'IIhi IIV'IIl2 , (4.7) 

the symmetric form a b closed and bounded below. It follows from Theorems 2.1 and 2.6 in chapter 6 of [32] 
that Hq ^ 5 is the selfadjoint bounded below operator associated to the quadratic form g. 

We define the diagonal matrix 


0 := Diag {cot0i, cot02, • • • cot0„}. 


(4.8) 
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Then, by (3.24), (3.27), (4.6) the quadratic form associated to Hq^a b is given by. 


hQ,A,B '0) := 0') - X! , (4.9) 

i=i 

where by < •, • > we denote the scalar product in C", and the domain of ho^A,B is given by 

D {ho.A.B) = where Hi,a,b := ^ C Hi. (4-10) 

4.2 The case of integrable potential 

Suppose that V satisfies (1.6), (1.7). Let us define the following quadratic form, 

hA.B {‘P.i’) ■= ho^A,B + {V(p,1p) , D{hA,B) = VLi,A,B- (4-11) 

By (4.7), for any e > 0 there is a constant such that, 

\{V^P,^)\ <£||</5|Ihi +Ke \M\2. 

Hence, the symmetric form Ha^b is closed, and bounded below. Let us denote by Ha,b the associated bounded below 
selfadjoint operator (see theorems 2.1 and 2.6 in chapter 6 of [32] ) . Note that 

D {Ha.b) = {0 G Hi,a.b : -5^0(0) + A^' {0) = 0, -0" + H0 G L^] . 

5 The Resolvent 

5.1 The case of zero potential 

We first consider the case of the diagonal matrices A,B given in (3.25). Let us denote by i?g ^ ^( 2 ;) the resolvent of 




Let, Rq A B y) the integral kernel of j b(^)- Then, we have that. 


'Ro,d,B(^)(3;>y) = < 


/ 

'^o,4,b(^) 

A 

< 

'^0,d,B(^) 


-1 


(5.1) 
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-1 


X <y, 
x>y, 


(5.2) 





where, k := i/z, Imfc > 0, and Jq Xb matrix given in (3.29). 

We designate by Ro^a,b{z) the resolvent of i^o,A,B• Then, by (3.24), (3.27), 


Ra.A,B{z) = M R^a,b(^) P (-^o.A.s) ■ 


(5.3) 


Hence, by (3.20)-(3.22)and (5.2) the integral kernel of Ro,a,b{z) is given by. 


RQ,A,B{z){x,y) = 


‘Po,A.Bix,k)e'‘'"y [Jo,A,Bik)] , x<y, 

(po,A,Biy, k) [Jo,A,B(fc)]“^, x>y. 


(5.4) 


The estimate below follows from (3.30), (3.33), (5.2) and (5.3) 
\Ro,A,B{z){x,y)\ < C£>(A:) e“^“''l““^l,D(A:) := max 

< CF{k) F(fc) := max 


■^Ro,A,Biz)i^^y) 


_\k\ ’ |cos0i + ifcsin^il ’ ’ |cos0„m + ifcsin0„^|j 

l + \k\ l + \k\ 


,k = y/z, 


(5.5) 


|cos0i + iksinOil 


|cos0„„ + ifcsin0„ 


,k = y/z. 


It follows from (5.5) that for z £ C^, the resolvent Ro.a.b{z) extends from fl into a bounded operator in 
H (L^, Wi^oo)- Furthermore, as 

(P 

- -r^ Rq,a,b{^) = Ho,a,b Ro,A,Biz) = I + zRo^a,b{z), (5.6) 

dx^ 

we have that Ro^a,b{z) € B (^L^,'W 2 ,oo), with norm uniformly bounded for 2 in any compact set of C^. Furthermore, 
by (5.5) we also have that, Ro,a,b{z) G B (L^,L^), with norm uniformly bounded for z in any compact set of C^. 
Then, for any ip ^ 


^ Ro.aM i’ = {Ro,AM^)f V' e W2.00, Vz € c±, 

dz ' ' 

where the derivative with respect to z exists in the strong topology of IF 2 ,oo- Then, by Theorem 3.12 in page 152 of 
[32] Rq^a,b{z) is analytic as an operator valued function from 0=^= into B (T^, W 2 ,oo)- 

In the following theorem we give a limiting absorption principle for Ho^a,b 

THEOREM 5.1. For every A > 0 the following limits, 


Ro,a,b(A ± iO) := lim Ro.a,b{^ ± is), 
6^0 


(5.7) 


exist in the strong operator topology in B {jP, lF 2 ,oo,) ■ Furthermore, the functions, 


R 


± _ 

0,A,B ■“ 


i?o.A.s(A), ifAGC±, 
-Ro,a,s(A ± *0), ifAG(0,oo), 


(5.8) 


defined for A £ C^U (0, 00 ), with values in B (L^, 1 ^ 2 , 00 ) are analytic for A £ and continuous in the strong operator 
topology for A £ (0, 00 ). 
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Proof: the theorem follows from (5.4)-(5.6). 


Note that it follows from (5.4) that the integral kernel of Ro,A,B{k^ ± *0) is given by, 


□ 


Me 


'^o4.b(±^) M\ x<y 


^0,A,s(fe^ ± *0)(x,2/) = <( ' L 


REMARK 5.2. Equations (5.5), (5.6), (5.9) imply that, for kf G (0,oo), 

C 


^Q,A,Bi^ ) 


< 


B(Li,L“) \k\' 


^o,a,bW 


<ci±M, 

B{L^,Wi_^) \k\ 


^0,A,bW 


(5.9) 


B{L^,W2,ac) \k\ 


(5.10) 


□ 


5.2 The case of integrable potential 

Let, 

V = U\V\, (5.11) 

be the polar decomposition of V [32], with U partially isometric, and |F| the absolute value of V. We have that, 
U=U*,U\V\ = \V\U. Denote, 

Vi := v1^, D2 := U^/W\■ (5-12) 

Since, Vj G L'^,j = 1,2 and Hi C L°° we have that, Vj G B (Hi,L^) and also by duality, Vj G B (L^,H_i). Then, 
the quadratic form (4.11) can be written as, 

hA^B ■= hQ^A,B + {Vi(p,V2lp) , D{hA,B) = 'H.1,A,B- (5.13) 

Let us denote by Ra.b{z) := {Ha.b — z)~^ the resolvent of Ha,b for 2 ; G p[Ha,b)- By (5.13) with p = 
Ro.A.B{z)f,'4’ = RA.B{z)g we obtain that. 


Ra,b{z) — Ro^a,b{z) = —Ra,b{z) V 2 ViRo^a,b{z) = —Ro^a,b{z) V 2 ViRa.b{z), z G p{Hq^a,b) H p{HA,b)- (5.14) 
As D{Hq^ab) C Bii, D{Ha,b C Hi, it follows that, Ro.a,b{z) G B (L^,Hi), Ra.b{z) G B (L^,Hi) and by duality 

i?o,A.B(^) gS(H_i,L 2 )^ R^^b{z)gB{H_i,L^). 


By (5.5) Eii?o^^,B( z)V 2 is a Hilbert-Schmidt operator in and it Hilbert-Schmidt norm satisfies. 


^ 1 -^ 0^2 < CD{k), D{k) := max 

HS 


_ |fc| ’ |cos 0 i + ik sin 6 * 11 ’ ’ |cos 0 „^ + ifcsin 0 „ 


, k = y/z. (5.15) 
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Hence, by (5.14) 


{I-ViRa.b{z)V2){I + ViR^.aAz)V2)‘^ = ^, (5.16) 

In Lemma 5.3 below we prove that (/+ Vi i?o,A,B(- 2 ) V 2 ) is invertible in Then, applying (5.16) to 

(/?=(/ + Vii?o,A,B(-z)V 2 )“^ '0 we obtain, 

(/-yii?^^s(^)'^"2) 0 = (/ + ^ii?o.A.s(^))”'0, V0eL0 (5.17) 

It follows that, Hi Ra,b{z) V2 G B (L^) and 

I-Vi RaM^) V2 = il + ViRo.aM^W^V^ ■ (5.18) 

Iterating (5.14) and using (5.17) we prove that, 

Ra,b{z) = Rq^a,b{z) — Ro,a.b{z)V2 [I + ViRq^a,b{z)V2) ^ ViRq^a,b{z), z g p{Ho,a,b) r\ p{HA,b)- (5.19) 
Denote, 

Q±{X) = ViR^^b{\)V 2 , AeC±U(0,oo). (5.20) 

LEMMA 5.3. Suppose that V satisfies (1.6), (1.7). Then, for every A G U (0,oo) the operator I + Qi)-^) is 
invertible in Lfi. 

Proof: since (5±(A) is compact we only have to prove that —1 is not an eigenvalue. On the contrary, suppose that 
there is a. ip G L'^ such that. 


p = -Q±(X) p. 

Denote, 

^ ■= Rga.bW ^2 T- 

Then, ip G L°°, it satisfies the boundary condition (1.2) and 

HA,B'f’ = A0. 

Moreover, 0 can be written as in (3.7) but with 77 = 0 because it is bounded. Then, if A € C=*=,0 G L? and A would 
be a complex eigenvalue of Ha,b, what is impossible because Ha,b is selfadjoint. If A G (0,oo), it follows from (5.9) 
that. 
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^ = e=^*'=“^ + o(l), X ^ oo, for some^ g C",fc = VA. 

But then, 

"0 — /(±/c, x) 5 —>■ 0, X —>■ oo. 

However, as ip — f{±k, x) ^ is a solution to (3.1), it is a linear combination of f{k, x) and g{k, x), but as /(fc, x) behaves 
as and g{k,x) as e“®*^^,x —>■ oo (see (3.2), (3.5)), necessarily, ^ — /(±fc,x)^ = 0. Hence, 

0 = /(±fc,x)C, 


and as ip satisfies the boundary condition (1.2), it follows that, 

0 = (-Ht /(±fc, 0) + Ht /'(±fc, 0)) ^ = -J^iTk) e 
This implies that ^ = 0 because J^{k) is invertible for fc G K \ 0 [6]. It follows that '0 = 0. 

□ 

We give below a limiting absorption principle for Ha,b- 
THEOREM 5.4. Suppose that V satisfies (1.6), (1.7). Then, for every A > 0 the following limits, 


Ra,b{^ i *0) := lim Ra,b{^ i is), 
£4'0 


(5.21) 


exist in the strong operator topology in B (L^, W 2 ,oo,) ■ Furthermore, the functions. 


R 


± _ 

A,B ■ — 


7?a,b(A), if a G C®*®, 
i?^_B(A±i0), ifAG(0, oo), 


(5.22) 


defined for A G C®*® U (0,oo), with values in B (T^, W 2 ,oo,) ore analytic for A G and continuous in the strong 
operator topology for A G (0,oo). 


Proof: the theorem follows from Theorem 5.1, Lemma 5.3 and (5.19). 

Note that, 

RXbW = -'RaA,B(^)^ 2 (/ + (3±(A))-^ A g 0=^ u (0,oo). 


□ 


(5.23) 


Moreover, by (5.10), (5.15) and (5.23), for every d > 0 there is a constant Cs such that for k"^ G ((5^,oo) 

Cs 


R^BikX 


< 




^0,A,Bik ) 


B(ibW'i.oo) 


<Cs 


^0,A,Bik ) 


B(BbW2,oo) 


<Cs\k\. (5.24) 
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6 The generalized Fourier maps 

6.1 The case of zero potential 


It is proven in the comments at the beginning of Section VIII of [7] that Hq^a.b has no positive or zero eigenvalues. 
For A £ M we denote by i5o,A,B(A) the spectral family of Hq^a,b and for any Borel set O we designate by ifo.A ,b{0) 
the spectral projector of Hq^a,b for O. 


We first consider the case of the representation where the boundary conditions (1.2) are given by the real diagonal 
matrices A,B (3.25). By Stone’s formula, Theorem 5.1 and Remark5.2, for all 0 < a < 6, 

1 




( 6 . 1 ) 


V(/5, '0 G n 


Hence, the spectrum of ^ ^ in (0,oo) is absolutely continuous and 

(-^o.a..b(-^)7>,V') = ^ ( -Ro.a,.b(^ + *0)-^o,a..b(-^-*0) e n . (6.2) 


d 

dX 


Let us denote by i/Jq a physical solution (3.13) with A = A, B = B and V = 0. 


(6.3) 


Let Eq ^ b(0, X, y) be the integral kernel of ^ b(0)- Then, by (5.9) and (3.12) with A = A, B = B,M = I and 
( 6 . 1 ), 


2 / ^ 

^o.A..B((^o>^i)(a^>2/) = - / V’o,A..B(*’3:)V’g^^(fc,y) dfc. 


where we also used that a b^^'^ ~ A ®®® (3.30). 


Let us define. 

Note that, 

By (3.30), (3.32), (3.33), (6.3) and (6.5), 




± 

O.A.B 


diaglV’p 2’' 




(6.4) 


(6.5) 


( 6 . 6 ) 
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1 


(6.7) 




±i sin(A:a;), ii0j = tt, 
coskx, ii9j = 7r/2, 


i [± cos 6j sin kx^k sin 0j cos kx] 


cos0^ =F ik sm0n 


Ij ^ TT, 7r/2. 


We denote by ^ the generalized Fourier maps, 


{Ka.b^) ■= \/f / iJ€L^nL\ 


( 6 . 8 ) 


Then, by (6.4), denoting by (•,•) the scalar product in C”, 


(^^oWB((fco^fcl))V'l,V'2) = (fc)) *, V^1,V^2 G T"nL\ (6.9) 


where we used that g(^j 2 :) are diagonal matrices and that (Pq ^ b{x, k) is real valued for k real. Taking the 
limit fco 0, fci —?► oo with tpi = ■ 02 , we obtain that. 


Hence, the F 


0,A,B 


■^o,a..b((0>oo))V' 
extend to bounded operators on L^. 


\a,b^ 


L2 


V0 G L^nLb 


In the next theorem we give the properties of the generalized Fourier maps, F 


Q,A,B' 


( 6 . 10 ) 


THEOREM 6.1. The Hamiltonian ^ has no positive or zero eigenvalues. Its negative spectrum consists of 
a finite number of eigenvalues of multiplicity smaller or equal to n. The non-negative spectrum is [0,oo) and it is 
absolutely continuos. The generalized Fourier maps ^ are partially isometric with initial subspace TLoc^Hq ^ ^) 
and final subspace if. Moreover, the adjoint operators are given by, 


Furthermore, 



{x) 




0 G n l '^. 


( 6 . 11 ) 


( 6 . 12 ) 


Proof: Recall that it is proven in the comments at the beginning of Section VIII of [7] that ^ g has no positive or 
zero eigenvalues. Furthermore in Theorems 8.1 and 8.6 of [7] ) it is established that it has a finite number of negative 
eigenvalues of multiplicity less or equal to n, that coincide with the points —k'^ such that Jg ^ p{ik) is not invertible 
for k G a. Let us denote by ao,p the set of negative eigenvalues of H^^g. Hence, by (5.2), ](5.5) the resolvent 
i?g^^(z) is a bounded operator in for z G (—oo,0) \ cro,p, and in consequence the only spectrum in (—oo,0) is 
ao,p. By (6.2) H^ ^ g has no singular continuous spectrum. It follows from (6.10) that F^^ ^ are partially isometric 
with initial subspace ^ g{{Q,oo))Lf into L^. Equation (6.11) is immediate from the definition of F^^g in (6.8), 
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and (6.12) follows from the fact that are solution to the Schrodinger equation (3.1) But, then by (6.12) 

[0, oo) actually belongs to the spectrum of ^ ^ and 'Hac(^o A b) ~ A b((0> oo))L^. 

It remains to prove that the ^ are onto Suppose, on the contrary, that there is (p± S L'^ such that, 


=0, VV'e nL\vo < fco,fci. 


Since by (6.9), 


where X{koM) characteristic function of (fcoj^i); it follows from (6.13) that, 


X{koM)^± = J- [ = VO<fco<fci. 

Since ^ ^{k, 0) = A,p'^ ^ ^(fc, 0) = i? it follows from (6.3), (6.5) and (6.15) that, 


J k{B + iA) cl)±{k)dk = 0, V0<fco<fci. 

Finally since {B + iA) ^Jp ^ b(T^)) is invertible for ^ 0 (see (3.25), (3.30)) we obtain that (f)± = 0. 


(6.13) 


(6.14) 


(6.15) 


□ 


Let us now consider the case of A,B. We denote by tpo, a,B{ k, x) the physical solution (3.13) in the case F = 0, 



i’o.A.sikjx) := -ik(po^A,Bik,x) Jo,14.b(^)- 

(6.16) 

We define. 


'*/'^A,B(^>a;) :='ilJo^A,B{Tk,x). 

(6.17) 

By (3.21) and (3.22), 


■= Mx) Mt. 

(6.18) 

We define the generalized Fourier 

maps for Aq^a,b as. 


{Pq.a.b^] 

(V'^A.B(fc.a;)) ilj{x)dx, ijj G L'^ A . 

(6.19) 

It follows from (6.18) that. 



(6.20) 
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Hence, by (3.24), (3.27), (6.9) and (6.20), 


(^^0,A,B((fco,fci))V'l,'*/'2) = y (fc), (fc)) dfc, V'i/'l, ■i/'2 £ H (6.21) 

THEOREM 6.2. The Hamiltonian Hq a.b has no positive or zero eigenvalues. Its negative spectrum consists of 
a finite number of eigenvalues of multiplicity smaller or equal to n. The non negative spectrum is [0,c») and it is 
absolutely continuos. The generalized Fourier maps ^ partially isometric with initial subspace Tlac{Ho,A,B) cind 
final subspace if. Moreover, the adjoint operators are given by, 


(^(^o^a.b) (2;) = y|- y {fPo,A,Bih,x)^ i;{k)dk, e r\ L\ 

Furthermore, 

^^A,B^0,A,B =k^. 

Proof: The theorem follows from (3.24), (3.27), Theorem 6.1 and (6.20). 


( 6 . 22 ) 


(6.23) 


□ 


6.2 The case of integrable potential. 


It is proven in the comments at the beginning of Section Vlll of [7] that Ha^b has no positive or zero eigenvalues. We 
denote, 


^a,bW ^ ^ 

Then, by Theorem 5.1 and (5.14), 

^a.bW — ^o.a,bW ^a.bW^ 


A £ C± U (0,oo). 


A £ U (0, oo). 


(6.24) 


(6.25) 


Since, 

Ra,b{z) - Ra,b{z) = (z-z) Ra,b(z) Ra.b(z), z € C^, 


Then, 

^ IRa,b(z) - Ra,b(z)] = (lXb) (^) ^ IRo,a,b(z) - R^.a,b(z)] LXb(^)^ ^ ^ C :+, 

and also, 

Ra.b{z) - Ram{z) = (z-z) Ra,b(z) Ra.b(z), z £ C^, 


(6.26) 


we have that, 


1 ___ 

^ IRa,b(z) - Ra,b(z)] = g j (z) — [Ro,A,b{z) - Ro,A,Biz)] Lj^ j^(z), 


z e C’' 


(6.27) 
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We define the generalized Fourier maps for Ha^b as follows, 


(k) ■= J L^{k'^)tpix)dx, (6.28) 

For A G M we denote by Ea.bW the spectral family of Ha,b and for any Borel set O let us designate by Ea ,b{0) 
the spectral projector of Ha,b for O. Then, by Theorems 5.4, 6.1, (6.21), (6.26), (6.27) and Stone’s formula we have 
that. 


{EA,B{{kQ,kf))ipi,'ip2) = f (^(^Ef g (k), (^E f (k)'j dk, VV-i, V’2 G n VO < fco < fci, (6.29) 

J ko 

where we used that Ha,b has no positive or zero eigenvalues. 


Taking the limit /cq 0, fci —>■ oo in (6.29) with ipi = 'ip 2 = ip we get that. 


FZb^ 


L2 


= \\Ea,b{[0,oo))iP\\^2 ■ 


Then, the Ft „ extend to bounded operators in 


(6.30) 


THEOREM 6.3. Suppose that V satisfies (1.6), (1.7). Then, Ha,b has no zero or positive eigenvalues, and the 
negative spectrum of Ed a,b consists of isolated eigenvalues of multiplicity smaller or equal thann, that can accumulate 
only at zero. Furthermore, E[a,b has no singular continuous spectrum and its absolutely continuous spectrum is 
given by [0,oo). The generalized Fourier maps F^g are partially isometric with initial subspace ELac{HA.B) and final 
subspace L^. Moreover, the adjoint operators are given by, 

(^(^a,b) (a^) = V'(fc)dfc, ipGL'^nL^. (6.31) 

Furthermore, 

PiBHA,B[Figf = kfi (6.32) 


Proof: Recall that it is proven in the comments at the beginning of Section VIII of [7] that Ha.b has no positive 
or zero eigenvalues. In Lemma 9.1 in Section 9 we prove that for all z G p{Hq^a,b) H p{FIa,b) the difference of 
the resolvents of Hq a.b and Ha,b is trace class. Then, the essential spectrum of FIa.b is [0,oo) and the negative 
spectrum consists of isolated eigenvalues of finite multiplicity that can accumulate only at zero. It follows from item 
(b) of Theorem 8.1 in [7] that the multiplicities of the eigenvalues is smaller or equal to n. Note that in Section 8 of 
[7] the condition that the potential has a finite first moment is only used in order that the number of eigenvalues is 
finite. By (6.29) F[a,b has no singular continuous spectrum. The fact that the F^g are partially isometric with initial 
subspace Hac{HA,B) into and (6.32) follow from (6.29) and (6.30). Equation (6.31) follows from the definition of 
F^g in (6.28). Equation (6.32) is implied by (6.29). 
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It remains to prove that the ^ are onto . 

By (5.14) and Theorems 5.1, and 5.4, 

T±(A) + =/, VAe C±U(0,oo), (6.33) 

as bounded operators on . Let us prove that V ^(A) is compact in L^. Let '(/'« be a bounded sequence in L^. 
Since ^(■\) & B (L^, W 2 ,oo) the sequence ^ uniformly equicontinuous in [0, i?] for any R > 0 Then, 

by the Arzela-Ascoli theorem there is a subsequence of ipn such that converges uniformly in (^([O, R] 

and then, X[o,/j] (a;)14(a:) ^(A)^„, converges in R. Hence the operator (x) t4(a;) ^(A) is compact, but 

since 


V{x)Rl^ g{X)-Xio,R]i^)V{x)R^,^ giX) < C \\xiR,oo){x)V{x)\\^, 0, asi?^ oo, 

o(L^) 

it follows that V(x) Rqj^ ^(A) is compact. Suppose that for some A € U (0, oo), (^I + V Rqj^ b(A)^ is not injective 
in R. Then, by duality, also (^I + R^j^ bW injective in L°°. In consequence, there is a "0 G L°° such that, 


^ = ( 6 - 34 ) 

But then, 0 := Vi0 G R, satisfies (recall that Vi V 2 = V 2 V 1 = V ), 

0 = —*(’■ 

By Lemma 5.3, 0 = 0 and then, by (6.34) 0 = 0. Hence, ^/ + H b('^)) have a bounded inverse in R and by 
(6.33) the L±(A) are bounded invertible in R and 

(L±(A))“' = (/ + H<^_b(A))'\ VAgC±U(0,oo). (6.35) 

It follows that L^(A) are injective and onto 

Suppose that 0 is orthogonal to the range of Af g- Let {ipn}'^=i be a set of functions in fl R that is countable 
dense in R. Then for all 0 < fco < fci 

j dk •)0(fc), =0. 

It follows that there is a set of measure zero, O, independent of n such that, 

('^aAs(^G)0(fc),i'‘'(fc^)'0n) =0,VA:G (0,oo)\O. 

But since L=*=(fc^) is onto, also {A^(A:^) 0n}^^ is countably dense in R. Hence, 

'^tA,B{^^ <^(^) = 0, Vfc G (0, oo) \ O. 
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Finally this implies that || s) ^^11 = ll^^ll = 0. 


Let us define, 


□ 


■= - RA,B{k'^ TiO)V'ip^^ s{k,x). 


(6.36) 


LEMMA 6.4. Suppose that V satisfies (1.6), (1.7). Then, with 4’a,b defined in (3.13), 

'ip^B^k,x) = 'tl>A,B{Tk,x). 


Proof: By (6.28), (6.31), 


(^A.s {'<pA,Bif^^^)y 


(6.37) 


(6.38) 


Furthermore, by (5.9), (6.6), (6.7), (6.18)(6.25), (6.36) 


(6.39) 


^(fc, x) = i i7±(fc) + o(l), asx—>- 00 , (6.40) 

for a matrix D{k). Let us define, 

(jy^ik, x) := i /(±fc, x) + f{Tk, x)D±(k). 

Then, '0j^(fc,a;) — 4)^{k,x) is a solution to (3.1) and by (3.2), (6.40), it goes to zero as a; —>• 00 . Moreover, it 
is a linear combination of f{k,x) and g(k,x) (recall that the combined 2n columns of f{k,x) and of g{k,x) form a 
fundamental set of solutions to (3.1) ). As f{k,x) behaves as and g{k,x) behaves as as a; —>■ 00 , necessarily, 

~ 4>^ik,x) = 0, and then, 

'^a,b{^^ ^) = \ (6-41) 

Hence, by (3.16) x^(fc,a:) := il}^^{k,x) — 'ipA,BiTk,x) = f{Tk,x){D±{k) — ^Sfifk)). As x^{k,x) satisfies the 
boundary condition (1.2), by (3.11), 

-Ht x±(fc, 0) + Atx±'(fc, 0) = -j\^s{±k){D±{k) - ^SiTk)) = 0. 

But as ^(fc) is invertible for fc S R \ 0, D±{k) = 1 S'(=Ffc), and then, by (3.16), (6.41), 


i’A,Bik,x) = ifA,B{Tk,x). 


(6.42) 
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7 The Wave operators 


We take as unperturbed operator i?o •= H-j q , with the Neumann boundary condition, = 0. If we interpret the 
matrix Schrodinger operator as a star graph with one vertex the Neumann boundary condition corresponds physically 
to the case where there is no transfer of current between the different wires of the graph, what is a natural unperturbed 
boundary condition. We denote by id) the generalized Fourier map of Hq, i.e., Fq = F^_j q . Note that id^_j q = Ff^_j ^ 
and that Fq is just the cosine transform, 

/ '2 roo 

- / cos{kx)'ip{x)dx, ^ G (7.1) 

TT Jo 

Furthermore, F[q has no eigenvalues. 

7.1 The case of zero potential 

THEOREM 7.1. The wave operators W±{F[o^a,b, Hq) exist and are complete, they are isometric with initial subspace 
and final subspace'Hac{HQ^A,B) ■ Furthermore, 


W±{Hq,a,b.Hq) = (f^^a,b)' ^0. (7.2) 

Proof: Once formula (7.2) is proven, the fact that W±{Hq^a,b, Ho) are isometric with initial subspace and final 
subspace iiac(iio.yi.B) follows from Theorem 6.2. By (6.23), (6.32) it is enough to prove that. 




— F' 

-t n 




m 


0, ast —>• ±oo, 


V,(.GC'o“((0,oo)). 


(7.3) 


But, by by (6.6), (6.7),(6.11) (6.18), (6.19) and (7.1) this is equivalente to, 


—itk^ 


4>{k) dk 


0, ast —>■ ±oo. 


V(/>GCo“((0,oo)). 


Equation (7.4) holds by Lemma 2.6.4 of [26]. 


(7.4) 


7.2 The relative wave operators 


We consider now the relative wave operators W±{Ha,b,Hq^a,b) that will allow us to obtain the wave operators with 
integrable potential by the chain rule, W±{Ha,b, Hq) = W±{Ha,b,Hq^a.,b) W±{Ho^a,b, Hq). 

THEOREM 7.2. Suppose that V satisfies (1-6), (1-7). Then, the wave operators W±{Ha,Bt Hq^a,b) exist and are 
complete, they are partially isometric with initial subspace 'HaciHo^A,B) and final subspace 'Hac{HA,B)- Furthermore, 

W±{Ha,b,Hq^a,b) = fFb- (7-5) 
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Proof: Once (7.5) is proven, the rest of the theorem follows from Theorems 6.2 and 6.3. We prove (7.5) for 
W+{Ha,b,Hq,a,b)- The case W_{Ha,b,Hq^am) similar. Since (;i|| = Pq,a,b^ = ll<('ll> 

for all (j) G 'Hac{Ho^A,B) it is enough to prove that 

^lim EA,BiOo)'^o,e-^*^°-^-^ i^o.A.B(Oi) ^i) = i^A.B(Oo)V'o, ^o.a.b(Oi) ) , (7.6) 

for all Oq = (fcp, kf), Oi = (fc|, fc|), 0 < fco < 0 < ^2 < ^3 and all V'Oj '0i G O L^. 

By (5.20), (6.25), for A > 0, 

Ra,b{}^ + *£) ~ Ra.b{^ ~ *&) = [7?o,a,b(A + ie) — Ro,a,b(-^ ~ *&)] T^(A + ie) + i?o,A,B(A — ie) Vi J(A + le), (7.7) 
where, L“''(A + ie) is defined in (6.24) and 


J(A + ie) := -V 2 [Ra,b{>^ + is) - Ra,b{>^ - ie)] ■ 


(7.8) 


Then, by Stone’s formula. 


— {Ea,bW tpo,e Eo,a,b{Oi)iIji) = lim Ti{e) + lim T 2 {e), 

a A e-^0 e^O 


where. 


Ti(e) := ^L+(A + ze:)£’A,B(A)V'o, ^ [7 ?o,a,b(p + *0) - i?o.A.B(/3 - *0)] e ilo.A.B(Oi) V"! ) , 


loi P ~ (A + ie) 

where we used Theorem 5.1. By (6.19), (6.21), and (6.29) we have that, 


lim Ti(e) = xoi(A) fT+(A) V'o, [7 ?o.a,b(A + lO) - i7o.A,B(A - fO)]'0i 
£->■0 y Zm 

= ^ xo, (A) ( (t’+s V'o) (^/A). ^1) (TA) ) . 


Let us denote. 


where. 


r p-itp 

It{\e):= -^^G(p), 

doi P ~ (A + le) 


^(p) ■— o —^ ^1 [-f^0,A,B(P + *0) ~ Ro,A,b(P — *0)] '01 G R^- 
Zttz 

Then, denoting by E the Fourier transform in (R, , it follows that, 

MA) := lim MA,e) = p-^ (2^* X(o.oo)(fc) [F xo, (p) e"**" G(p)] (k)) (A), 
where the limit exists in L^(R,L^). Hence, by (7.9), (7.12), (7.13) and (7.14) 


(7.9) 


(7.10) 


1 / f 1 A 

T 2 {e) := X— ( T(A + ie) '0q, / - , x— Vi [Ro.a.b(p + iO) - Ro,a,b(p - *0)] ipi ) dp, (7.11) 

27^^ V doi P - (A + le) 27^^ J 


(7.12) 


(7.13) 


(7.14) 




Fa.b(Oo)V'o, Fo,a.b(Oi) lAi) = [ ^ (Fa.b(A) 0o, Fo.a.b(Oi) 101) dA = 

doo dA 
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(7.15) 


J XOonoAk^)(^(^FXB'^o) {k)'j dk +(J(A + iO) ^/>o,/t(A)) = 

FA,BiOo)'tlJo, F+^J^ EA,B{Oi)tpi'^ '^'^i (J(A + iO) V'o,-ft(A)). 

Furthermore, 

/ OO 

\\{F[xoAp)G{p)]){k)\\l. dfc^Oast^oo, 

and then, 

lim [ (J(A + lO) V'o,-ft(A)) = 0. 

Joo 

By (7.15) and (7.16) equation (7.6) holds. 


(7.16) 


7.3 The wave operators 


THEOREM 7.3. Suppose that V satisfies (1.6), (1.7). Then, the wave operators W±{Ha,Bj FIq) exist and are 
complete, they are isometric with initial subspace and final subspace TLaciHA.B)- Furthermore, 


W±{Ha,b,Ho) = 


Fn. 


Proof: By the chain rule, 

W±iHA,B,Ho) = W±{Ha,b,Ho,a,b)W±{Ho,a.b.Ho). 
Then, the theorem follows from Theorems 7.1 and 7.2. 


(7.17) 


□ 


8 The scattering operator and the scattering matrix 

The scattering operator is defined as, 

:= {W+iHA,B,Ho))^ W.{Ha,b.Ho). (8.1) 

By theorem 7.3 S is unitary in and, 

( 8 . 2 ) 

We denote, 

Sa.b '■= Fq Sa,b Fq = F^^q {^Fa b^ ■ (8-3) 

Since Sa.b commutes with Hq it decomposes as a direct integral in the spectral representation of Hq. Then, for 
k £ (0,oo), there is a unitary nx n matrix SA.Bik), such that, 

(SAM){k)=SA,B{k)i:{k), (8.4) 

Recall that the scattering matrix SA,B{k) was defined in (3.14). 
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THEOREM 8.1. Suppose that V satisfies (1-6), (1-7). Then, 


SA,B{k) = SA,B{k),k e (0,oo). 


(8.5) 


Proof: By (6.38), (6.39), (6.42), (8.3) and (8.4) 


and then, 


Hence, by (3.15), (6.42), 


SA,Bik) 


ipA,B{^^x)S\B{k) = ?/'Xb(*> 2 ;). 


f[-k,x) 5Xs(fe)-4.B(fc) =-f{k,x) SAMk)S\,B{k)-I 


but, as /(±fe,x) ~ e^''^^,x -A oo, we have that, SA,B{k) = SA,B{k). 


( 8 . 6 ) 


□ 


By (3.7) 


Then, by (3.3), (3.4) (3.6), 


It follows that, for Imfc > 0, 


<fA,B{k, x) = f{k, x)a + g(k, x)^. 


a = ^ [gi-k*, xy-,^A.,B{k, a:)] , ^ JA,B{k). 


lim [ipA B{k,x) - ikLpA,B{k,x)\ = JA,B{k). 

X—>-oo ’ 


Then, by (3.1), (3.8), (3.28) and (8.7), for Imfc > 0, 

poo px 

/ e^^^ V{x) (fA B{k,x) dx = lim / V{x) ipA B(k,x) dx 

Jo ’ Jo 

[ {TA,Bik, x) + PA,B{k, x)) dx = JA,B{k) - Jo,A,B{k), 

Jo 

where in (8.8) we integrated twice by parts. Then, by continuity in k 

pOC 

JA,B{k) = Jo,A.B{k) + / 6*^=" V{x)pA,B{k,x)dx,kG'^. 

Jo 

PROPOSITION 8.2. Suppose that V satisfies (1-6), (1.7). Then, 

2i 

SA,B{k) = So,A,B{k) - — J 'ifo.A,BV{x)ijjA,B{k,x)dx,k gR\0. 

Proof By (3.13), (3.14), (3.16) with V = 0, (3.28) and (8.9) 


(8.7) 


( 8 . 8 ) 


(8.9) 


( 8 . 10 ) 


f 


Ipo,A,BV{x)'f A,B{k,x)dx = - y {-SA,B{k) + So,A,B{k )). 


Equation (8.10) follows from (8.11). 


( 8 . 11 ) 
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9 The spectral shift function 


Lets us denote by Rq^z) the resolvent of Hq, i.e. Rq{z) := {Hq — z) ^ ,z & p{Ho)- 

LEMMA 9.1. Suppose that V satisfies (1.6), (1.7). Then, for every z G p{Ha,b) LI p{Hq,a,b) the difference of 
resolvents, Ra,b{z) — Ro.a.b{z) is trace class and for evey z € p {Hq a.b) bl p (Hq), R[)^a,b{z) — Ro[z) is trace class. 

Proof: By (5.5) V2 Ro,a,b{z) is Hilbert-Schmidt. Since D{Ha,b) is contained in Hi and the imbedding of Hi into L°° 
is bounded (see (4.7)), 


|(i?A,B(2)v5) (a;)| < C'||(^||l2, Vx G K+. 

Then, by the Riez representation theorem, for all x G M"'' there is a 'i/'x G such that, 

{Ra.b{z)ip) (x) = {p,i}x) , 


and 

||V'x|Il 2 <c, Vxgm+. 

Hence, Vi Ra,b{z) is an integral operator with the Hilbert-Schmidt kernel, 

Vi{x)tfja;{y), X,yGM+. 


Hence, Vi Ra,b{z) is Hilbert-Schmidt. Furthermore as Vi Ra,b{z) and V 2 Ro,a,b{z) are Hilbert-Schmidt, by (5.14) 
Ra,b{z) — Ro.a.b{z) is trace class. 

Furthermore using the identity, 

(-^7’, “ 7’(0)i/''(0), p, if, G H 2 , 

with p = Rq[z) f,if = Rci^a,b{z) g, f,g € we prove that 

Ro,a.b{z) - Ro{z) = (TRo.aMz))^ (TRoiz)), 

where T is the bounded trace operator from Hi into C”, 


Tp = p(0). 


Furthermore, since iJo has Neumann boundary condition, T-^Ro{z) = 0. Hence 


Ro,a,b{.z) - Rq{z) = - [T —Rq,a,b{z) ) (T Roiz)). 
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Let us denote by K{z) := TRq{z),N{z) := T -^Rq a.,b{z)- Then by (5.5), K{z) and N{z) are Hilbert-Schmidt 
and 

\\K{z)\\^ < CD{^z) ||iV(z )||2 < Cf(Vi) 

y'lmyyz \/lin^/z 

Hence, Ro,a.b{z) — Ro{z) is trace class and 

\\Ro,a,b{z) - Roiz)\\^ < CD{y^)F{Vj)-^. (9.1) 

lUl yj Z 

□ 

For later use, we note that for all a > 1/4 

\\Ra.b{-E) - Ro,a.b{-E)\\^ < CE-^+^^, asE ^ oo. (9.2) 

This estimate is proven as in the proof of Lemma 5.6 in page 194 of [27], observing that (iLo + I)~°‘ is Hilbert- 

Schmidt for a > 1/4. Indeed, with Fq as in (7.1), (iLo + /)““ = -I- l)““Fo, and the operator 

is an integral operator with the Hilbert-Schmidt kernel |l^(a;)|^^^ cos{kx) (fc^ -|- 1) “. 

For any pair of self-adjoint operators F, G we denote their spectral shift function by ■^(F; F, G). 

As the difference of the resolvents, respectively, of Ha,b and Hq, Hq^a,b and Fq, EIa.b and Ho^a,b, are trace class 
we can use the abstract theory of section 9 of chapter 0 of [27] to define their spectral shift functions as in equation 
(9.26), page 50 of [27]. Take Fq > such that, EIa.b + Fq > 0,Ho^a,b -I- Fq > 0. Since Fq > 0, we also have that 
Fq + Fq > 0 .Then, 


aE;HA,B,Ho) = -^((F + Fo)-1;(Fa,b+Fo)-\(Fo + Fo)-^) , F>Fo, (9.3) 

aE;HA,B,Ho) = 0, F<Fo, (9.4) 

aE;Ho,A,B,Ho) = -e((F + Fo)-i;(Fo,A,B + Fo)-\(Fo + Fo)-') , F>Fo, (9.5) 

CiE-,Ho,A,B,Ho) = 0, F<Fo, (9.6) 

e(F;FA,B,Fo,A,B) = -e((F + Fo)-^(FA,B + Fo)“\(Fo.A.B + Fo)-^),F>Fo, (9.7) 

e(F;FA,B,Fo,A,B) = 0, F<Fo. (9.8) 

By the addition formula for the spectral shift function (see Proposition 5 in page 275 of [26] ), 

^(F;Fa.b,Fo) =e(F;FA.B,Fo.A.B)+^(F;Fo,A.B,Fo). (9.9) 
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Furthermore, we have that, 


/ \i{E-HA,B,H^,A,B)\(l + \E\)-^/'^-^dE <<x, Ve>0. (9.10) 

*/ —OO 

Equation (9.10) is proven, using (9.2), Theorem 9.7 in page 50 of [27] and Remark 9.9 in page 51 of [27]. 

To compute ^{E] Ho,a,b, Hq) we can use the diagonal representation with the matrices A^B in (3.25). Let us 
denote, respectively, by —Ad, —An, — A.^ the selfadjoint realizations of —^ in T^((0, oo), C) with Dirichlet boundary 
condition, (/^(O) = 0, Neumann boundary condition, ip'{0) = 0 and with mixed boundary condition, (p'{0) = 71 / 3 ( 0 ). 

With the notation of (3.26) we designate, 

7 j = — cot 9j,y0j 7^7r,7r/2. (9.11) 

Then, 

~ n 

^E; Ho,A,B, Ho) = no ^{E; -Aq, -An) + ^ "^n), (9.12) 

~ 77, 

where by denote the sum over all 1 < j < n with 9j ^ tt, 7r/2. Note that ^(E; —An, —An) = 0. The spectral 

shift functions, ^{E\ — Ad, — An), C(^; — ^n) can be easily computed as in Section 7 of Chapter 4 of [27] where 

^{E\ —Aj, —Ad) is calculated. Observe that, ^(E; —Ad, —An) = —^{E; —An, —Ad). The result is as follows. 


^(E;-Ad,-An) = -, 

^(E; -A^, -An) = arctan 

^(E;-A^,-An) = -i-- arctan [—) , ify < 0. 

2 TT 


(9.13) 

(9.14) 

(9.15) 


Actually, (9.14), (9.15) follow from the computation in Section 7 of Chapter 4 of [27] since by the addition formula 
(Proposition 5 in page 275 of [26]), ^(E; —A^, —An) = ^{E] —A.^, —Ad) + ^{E\ —Ad, —An). 

By (9.12), (9.13), (9.14),(9.15) it follows that. 


lim ^{E;Ho,a,b,Ho) == -nu- 

E^OO Z 


(9.16) 


By (3.34),(3.35),(3.37) 


where 


det SA.B{k) = det5'A,s(oo) + O {l/\k\) as/c — 00 , 


det5'A,B(oo) = (-1)”°. 


(9.17) 

(9.18) 
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Then, 


0 + 27rj, j = 0, ±1, ±2, • • • , 


if tt-d is even, 


lim arg [det = < (9.19) 

k—¥00 ’ I 

[tt + 27rj, j = 0, ±1, ±2, • • • , ifriD is odd. 

By the Birman-Krein formula (see equation (9.10) in page 47 of [27]) 

detS'(/E) = E > 0. (9.20) 

By (9.20) , —2tt Ha,b, Hq) coincides, for E > 0, with one of the continuous branches of det5(-\/E). By (9.19) 
this implies that limfe_>.oo ^{E; Ha,b, Hq) exits, and by (9.9), (9.16), also limfc_j.oo ^{E-,Ha^b,Ho^a,b) exits, but then, 
by (9.10), 


lim ^{E]Ha,b,Ho^a,b) =0- 

fc—>oo 


Hence, by (9.9), (9.16). (9.21) 


lim 

k—^oc 


^iE;E[A^B,Ho) = 


. Let us denote by 0(fc) the continuous branch of arg [det S{k)] such that, 


(9.21) 


(9.22) 


lim 0(fc) = —ttuy)- (9.23) 

k—¥oo 

If riD is even this corresponds to j = —nBl‘2 in (9.19) and to j = —(no + l)/2 if nu is odd . Then, by (9.20), (9.22) 
and (9.23) we have that, 


aE;HA,B,Ho) = -^&iVE), E > 0. (9.24) 

ZTT 

By (9.17),(9.22),(9.23) and (9.24), 

aE-,HA,B,Ho) = 'Y+o(^-^yE^oo. (9.25) 


By (9.25) 

[Coo \aE;HA,B,Ho)\ il + \E\)-^-^dE <^, Ve > 0, ifno > 0, 
iCoo \aE;HA,B,Ho)\ il + \E\)-^/^-^dE Ve>0, ifnD = 0. 


(9.26) 


Let us denote by {Ej}^^^ the eigenvalues of Ha,b in increasing order Ei < E 2 < ■ ■ ■ < Ej < ■ ■ ■, with P finite or 
infinite. Let mj be the multiplicity of Ej. Then by Proposition 9.2 in page 46 of [27] for E < 0, ^{E; Ha,b, Hq) is 
piecewise constant and it assumes integral values. Furthermore, 
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aE;HA,B,Ho) 


= OJotE<Ei, (9.27) 

i 

^{E;Ha,b,Ho) = -mi, ioT El < E < E2,-■■ ,^{E-Ha,b,Hq) =rrij for El < E < Ei+i. (9.28) 

i=i 

Furthermore, by (9.26), (9.27) and (9.28) 

p-i 

i=i 

We summarize the results that we have obtained in the following theorem. 

THEOREM 9.2. Suppose that V satisfies (1.6), (1.7). Then, for E < 0, £,{E; Ha,b, Hq) is piecewise constant, it 
assumes integral values, and (9.27), (9.28) and (9.29) hold. For E > 0 (9.24) is valid, where &{k) is the continuous 
branch of arg[detS{-\/Ef\ that satisfies (9.23). Moreover, (9.25) and (9.26) are true. Suppose that the function f has 
two locally bounded derivatives and that for some e > 0, 

fiE) = O , /"(E) = O , as E ^ oo. (9.30) 

Then f{HA,B) — f{Ho) is trace class and 

/ CO 

^{E;HA,B,Ho)f'{E)dE. (9.31) 

-OO 

Proof: it only remains to prove (9.31). However, this formula follows from (9.9) and applying Theorem 9.7 in page 50 
of [27] and Remark 9.9 hr page 51 of [27] to /(Eq.a.b) — f{Ho) and tof{HA,B) — /(Rq.a.b) using, respectively, (9.1) 
and (9.2) . 


If V satisfies. 


da; (1 + a;) ||E(a;)|| < +oo, 

the total number of bound states, including multiplicity, Af, is finite (see Theorems 
(9.28) 



(9.32) 

8.1 and 8.6 of [7]). Then, by 


aO--,HA,B,Ho) =: lim ^{E; Ha,b, Ho) = -Af. 

E^O 

In the following therem we give a Levinson’s theorem for the spectral shift function. 


(9.33) 


THEOREM 9.3. Suppose that V satisfies (1.7), (9.32), and let Af < oo be the number of bound states of Ha,b 
including multiplicities. Then, denoting f{0+; Ha,b, Hq) := limEj^o f,{E', Ha,b, Hq), 

aO+,HA,B,Ho) = ^[n-p.]-Af, (9.34) 

where p is the (algebraic and geometric) multiplicity of the eigenvalue +1 of the zero-energy scattering matrix S a ,b{0). 


Proof: Equation (9.29) follows from equation (9.13) of [7], (9.23) and (9.24). 
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